ON TOUCHARD’S CONTINUED FRACTION AND EXTENSIONS:
COMBINATORICS-FREE, SELF-CONTAINED PROOFS

HELMUT PRODINGER

Dedicated to Philippe Flajolet

ABSTRACT. We give a direct and simple proof of Touchard’s continued fraction, pro-
vide an extension of it, and transform it into similar expansions related to Motzkin
and Schroder numbers. Another proof is then given that uses only induction. We use
this machinery on two examples that appear in recent papers of Josuat-Verges; with
an additional parameter, these two can be treated simultaneously.

1. INTRODUCTION
Touchard [8] studied a certain function F' that he developed as a continued fraction
(equation (20), loc. cit.):
1 B 1
(1-q)z

(A=)

1—2(1-q)Flg=(1-q)

He (equation (32), loc. cit.) also found the identity

1—2(1-q)F(g;2(1 —¢q)) 1-2C(2) kzzoq (1-0()",

where C(z) is the generating function of the Catalan numbers:

1—1—4z 3 1 (Zn) .
>0 n

Cl2) 22 n+1

Thanks to the substitution z = m, which implies C(z) = 14w, Touchard’s continued

fraction takes the following form (a “T-fraction”):

(e SRS (L
1+v— =) k=0
Loy GO0

Touchard’s combinatorial approach (counting chord diagrams) is ingenious but at the
same time quite involved. The aim of the present note is to provide a simple and direct
proof of (1.1).
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This project was started in June 2009 and was planned to be a cooperation between
the present author and Philippe Flajolet. Unfortunately, this never materialised, and
it was continued in 2011 with more continued fractions, taken from papers by Josuat-
Verges (3, 4].

There is apparently a rich combinatorial world behind these continued fractions.
However, here, the emphasis is to leave the combinatorics completely out and do
“purely manipulative” proofs.

Perhaps the simplest proof is by induction, if one “knows” already the result for the
continued fraction with the first ¢ lines deleted. This point of view is elaborated on
two examples.

We did not go for an exhaustive list of continued fractions of the Touchard type,
in order to keep this paper short and crisp. However, we are confident that the ap-
proach(es) taken here would also work in other similar instances.

This paper is not overlap-free from other papers, in particular [3, 4], but we are
confident that it contains enough original material.

2. THE PROOF

We introduce a parameter ¢ and consider

F(t) = 1 - :
(t) = ey (1 _ qt)v o 1+0v— (1 — qt)vF(qt)'
v (1—q¢*t)v
I+v————

Setting F'(t) = A(t)/B(t), this leads to A(t) = B(qt) and
B(t) = (1+v)B(gt) — (1 — qtyuB(¢*)

B(t) =) ayt"

n>0

We make the ansatz

and get upon comparing coefficients

2n—1
vq An—1

(1 —gm)(1—wvg)

an = (1 +v)¢"an, —v¢*"an +v¢*" ta,_1 =

This can be iterated, and since ag = 1,
ap =

where we employed the notation (z;q), =

B(t) = ",

Z 5 (4 )n(vq Dn
and Touchard’s continued fraction is given by F(1) = B(q)/B(1).
Our goal will be achieved once we are able to establish the identity

B(q) = B(1) Y (-1)4q(5 )

k>0
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This is the same as
n, n —m

Z( vq _Z(U(]

(GO 2 (GO0 Dn

S (=1yglier,

n>0

where we replaced v by v/q. One of the sums can be evaluated thanks to a formula
due to Cauchy [1, (10.9.2)]:

n

gt 1 v
Z( ! - _Z(

(GO 0w S (@00

Comparing coefficients of v™, we are left to prove that!

$ ] s

= (g ) (@ @n—k

Here, we use the notation

m _ (@9
kly, (60k(ga)n-
To establish such an identity is nowadays routine, and the tool for it is the g-version
of Zeilberger’s algorithm [6]. It produces the recursion
(@ =)T(n) + (¢ ="+ ¢ =" + DT+ 1) + (" = DT (n +2) = 0,

for both sides, and together with a few easily checked initial conditions, we are done.

3. AN EXTENSION
Our proof gives more, by considering F'(q'):
B(qi+1) - 1
B(¢)) 1—q" )
@) L, 1-g¢) :
(1—¢"v

F(q') =

14+v—

This quotient by itself it not nice, but we have
B(q") n+il
AL S—— 1" ( 2 ) n.
B(1) 2yt
n>0 q

The identity behind this is

n2+in, n

gt v _ _yn (1) n+1
HZZO(Q)n(U)n Z(Q)n 2 (=1 { i L’

n>0

which, in terms of coefficients, reads as

ot B T PP

el CEO (G5 @)n—r

13, Cigler, who has seen an early draft of this paper, has shown me a “human” proof.
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Again, Zeilberger’s algorithm proves this readily. Therefore

B¢ / B(¢)

FW@ZAmn B(1)

4. ANOTHER PROOF, STARTING FROM THE RIGHTHAND SIDE

We set
[n +1

si= Y (=1)"

n>0

:| q(ngl)vn 1> 0,
(4
q

S
s_1:= 1 and expand the quantity 0 as a continued fraction of the form
S—1

1
av

1+v—
aLv
14v— —

It is not hard to show that the sequence ai,as,... is unique, as one can compare
coefficients in series expansions of both sides, and compute them one by one.

We claim that a; = 1 — ¢* and prove the formula

1 - Si
1to— Q41 Si—1
Yy,
14+v— 2
by induction. Since so =1 — qv + -- -, the value a; is established. And now
1 . S;
Sitl 5

14+v— ;41U
i

leads to
(1 + U)SZ‘ — Qj+1USj+1 = Si—1- (41)
(All the steps are reversible, and it might be clearer to start the arguments from this

recursion.) Comparing coefficients,

n-+1 nt1 n+it—1 n , n—+1 n

—1)" (2) -1 n—1 (2) —(1— i+1 -1 n—1 (2)

<>[2~Lq +<>[Z.Lq S NN K

n+2—1 n+1

=TT
1—1 ,

or equivalently
n—+1 n+i—11
= q,
q q

nti n4i—1 .
n 1 — i+1
{ i ]qq { i LH 1 )L’+1 i1
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n+il , n+i1—1 ntiv |1 —1 n+i—11
{i]q_{ i }Hl_q”{ i ]:[i—l]q’

q q q q

n-+1 Jn+i—1 n+i—1
tolg ! q ! q

which is the basic recursion; thus the proof is finished.

or

or

Remark. J. Cigler has kindly pointed out that

s = Z |:—Z — 1:| Uk7
k 1/q

which are Rogers-Szegd polynomial with negative indices.
Furthermore, for v = —1 (4.1) simplifies, and the recursion can be solved by iteration,
leading to a product representation.

5. MOTZKIN NUMBERS

Cigler [2] recently? found the identity

1 k1
TP DU LR O
1— »— k>0
: (1-¢%2"
S S
where
M(2) 1—2—+v1—-22—322
z g

222
is the generating function of the Motzkin numbers.

Using the substitution z = m, we see that, after division of both sides by
1+ v+ 2, only even powers of v appear, and with the further substitution v? = z, the
formula transforms into Touchard’s continued fraction.

6. SCHRODER NUMBERS

Cigler also found the formula

1 _ 1k (R3Y) K 2k+1
1—2z2— k=0
(1-¢*)=
l—2— —
where
S(Z)_1—2—\/1—62—1—22

2z
is the generating function of the Schréoder numbers.

2In 2009, when a first draft of this paper was sketched.
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We can also reduce this to an instance of Touchard’s continued fraction as follows:
The substitution y = z/(1 — 2)? transforms the formula into

1 1
_ (1 . Z) Z(_1>k (k"' ) kS( )2k+1.
.l /17 =0
1 —
L A-ay
But recall that
1 k+1
Zq (1-C(y)",
L (1—61)?J2 1—yC ) =5
1—
A= dy
so that the claim follows from the equalities
1
1—2)S(2) = ———— and 25%2)=C(y) — 1.
(1—2)5(z) =500 (2) = Cly)

But both are a routine verification that is best done with a computer algebra system.

7. A FORMULA DERIVED BY RIORDAN

Writing
T (

1-— zF (q; 2 Z

n>0
we find, upon comparing coefficients, that
k+1
T.(q)(1—q)" = Zq (1-C(2)"

k>0

[ ](1—7} +v2nzqk+l

k>0
- Z k+1 2n _ 2n
n—k n—k—1)]|
which is a formula derived by Rlordan [7].

8. ANOTHER CONTINUED FRACTION

We consider now an example from [3, 4]:

1
(1—q)*
1+v— (1= )%
14y 227
We set
1 1
F(t)= = .
(®) m (1—qt)% 14+ov—(1—qt)?vF(qt)
‘ (1—¢*t)*v

1+v—
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This continued fractions appears starting from

1
. (1-q)?z
- 1 — 02)2
,_A-g)
after the usual substitution. Set
Alt)
F(t) = —=%

We get A(t) = B(qt) and
B(t) = (1+v)B(qt) — (1 - qt)*vB(g*).

Reading off coefficients of ¢ leads to a recursion of second order, which is not nice.
But if we define

_ B@®)
B(t) == O
then
(1=1)B(t) = (L+v)B(qt) — (1 — qt)vB(g*),
and
By — Bp1 = (L4 0)q"Bp — vg™" Bn + ¢ 08,1,
or

_ Lot (—vg )
Bn = Bn-1 (1—¢g)(1—vq") (¢ Q)n(vq;q)n’

ﬁ(t) — Z ( (_Uq;qz)n n

= (@ Dn(vg; @n

since By = 1. Hence

and
plqt)
(1-1)B(t)
We need F(1). The interpretation of (1 — ¢)5(¢) is as a limit. We use the Heine
transform, as was done in [3, 4] as well:

6@) Z (1\/_Qa Q)n( 1\/@7 Q)

= (G On(vg 9

F(t) =

and therefore

(104t @)oo 1\/_qoo WG Dn o
AlE) = (vg; q)oo(ti q ; ,inx/_tQ)( Vi)

and

i vq t 1 1 ) . n
= = (\/;Jqqq)) (tq\{z_q ; \/_qu_t q)) (ivea)”

Now we can plug in ¢t = 1:
(_UQ7 qg)oo
(v¢; )00 (@5 @)oo
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Furthermore

(iv/094; @)oo (/08 Do x~ (VOGO Dn . 1,
gla) = (04; @)oo (¢ @)oo ;) ) (iy/046; @)n (Vo)

or

Bg) = VD Zl—l\/_q (—iy/og )"

(043 9)oe (43 @)oo 23
Hence

F(1)=Y %(—i\/v_q)"

n>0

= 3" (i) (~iyig)"

n,m>0

= X R (1)

n,m>0

So
NP = 3T (1Nt

0<n<2N

_ Z (_1>nqN+2(n+N)Nf(n+N)2
—N<n<N

— qN(N+1) Z (_1)ann2

—N<n<N
To find the coefficients (in the variable z) of the original continued fraction, we compute
M1 +0)F(1) = Y1+ )Y (1 = v)F(1)

M1+ o) o] (1 = v) F(1)

[0 (6 25 ey 2

-0 —k<j<k

M= =

e
Il
o

™=

bl

This translation from the coefficients in the variable v to z works always in exactly the
same way, so we will not state the z-formula for the further examples.

As a bonus, we can also consider

1

(1—g¢")%

(1 o qi—i-l)zv

1+v—

1+v—

which can be computed via

B(q") B(q"“)/B(q")

B(¢) ~ BQ) / By
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Now
B(¢") (45 9)=B(q")
B(1)  (vad)w

(Uq 7)o

B 1\/_,(1)( D peyn
_(1\/_61 z )n(iy/0G4; q)( Vi)

_ w—-&)(-) .
=2 oy VT

— 1 (@ q)ia i JE )
 (@)ia nzzo (i\/v—an;q)i< V)

= 2 | g g

(4; Q)i—l = Lom

2N —n—1
Z Z [H ' ] (q"5 q)imr gV N ()N

N>0 0<n<2N q

t+N—-n—-1| n
T NP [ Y e oy
q

1—1
N>0 —N<n<N

N N(V+1) t+N—-n—-1| [i+N+n—-1| _. n
-1
z S [N e

N>0 —N<n<N

and the continued fraction has been evaluated as a quotient of two series of this type.

9. INDEPENDENT PROOF BY INDUCTION

As before we can turn this extra information into an extremely elementary proof by
induction: We set

-1
= s [ e

N>0 —N<n<N

s
s_1 := 1, and expand the quantity 2 as a continued fraction of the form
S_1

1

aiv

I1+v—
asv
4o 2
We claim that a; = (1 — ¢*)? and prove the formula
1 Si

Qi1 Si—1

1+v-—

Ai+2V
14+v—
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by induction. Since 1/sg =1 —q(q —2)v + - - -, the value qa; is established. And now

1 . S;
I1+v— ai+1vs&1 Si—1
leads to
(1 + U)Si — Aj11VSi41 = Si—1. (91)
Set
t+N—-n| [i+N+n| _.2 n
v 3 [T e
—N<n<N g q g q

Then we must show the above recursion, which, in terms of the coefficients, reads as

142 _
siN+sin-1— (1 —q¢" ) sip1nv-1 — sicin = 0.

Manuel Kauers (Risc, Linz) kindly provided an automatic proof for this, using the
package HolonomicFunctions by Christoph Koutschan [5].

Remark. J. Cigler has pointed out that (9.1) becomes nicer when written with nega-
tive indices: Set S; := s_;_1, then

Si == (1 + U)Si_l — (1 — ql_i)QUSi_g, S() = 1, Sl = 1 +v
and

o N _2N2-2Ni _1) i i _
CED M D DI 1 P e}

—N<n<N
For ¢ = 1, this is just the binomial theorem.

10. ANOTHER CONTINUED FRACTION OF THE SCHRODER TYPE
In this section we investigate the following continued fraction: (cf. [3, (18)])
1

(1-q)(1—¢*)v
(1—=¢)(1—¢*)v

1+v-—

1+v-—

1 1
(I—g)1—¢v  T+v—(1—gt)(1—@F(gt)
(1—¢*)(1 —¢’t)

14+v—

14+v—

With the usual F(t) = A(t)/B(t), we find A(t) = B(qt) and
B(t) = (1+v)B(gt) — (1 - gt)(1 - ¢°t)vB(g’t).
We set (t) = B(t)/(qt; @)oo
(1= at)B(t) = (1 +v)B(qt) — (1 — qt)vB(q"t).

Hence
ﬁn - Qﬁn—l = (1 + U)qnﬁn - 'qunﬁn + 'qun_lﬂn—la
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g +vg?) (v
= == o) (an(og )
So
o VY Qn (=i O,
ﬁ(t)_,;) (4 Dn (0 @ (ta)
(1\/_Q)OO(\/_thOo x/_q, In(@; Dn o —~\n
(v¢; @)oo (qt; @)oo Z \/_qt Q)n LV
Hence
_ (_an2)oo 1
)= (Ve @)oo (G5 @)oo 1 + iv/0
and
. (—iv/; 7)o (i \/_ )oo \/_C] D ( Qn i
pla)= (vq; @)oo (¢ ; ¢ q)n(iv/0¢%; Q)( o)"
(i) A=)
= (005 o ) 2 (1—1fq“+1)( Vo)
Therefore

_ B(q) (6% 90)xB(q)
FO= B30 ~ g

:1+i\/_z (1—¢"") (—iyD)"

1—gq >0 (1 —iy/ognt?)

:1+i\/_ Z . n+1 l\/_anrl) ( 1\/5)"

1- q n,m>0
Z Z _ n+1 1)N+nUNq(n+1)(2N—n)
Tlg 9 NZ00<n<en
1 - Z Z — 1)N+n+1UN+1q(n+1)(2N+lfn)
q N>00<n<2N+1
1 — Z UNQN(N+1) Z (1 _ qn+N+1)(_1)nq—n(n+1)
7 N>o _N<n<N
1 2 n n_—n2
—1T— A I R [C D
E) ~N<n<N

One could rearrange that, but it would not get any better.

11
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11. GENERALISATION OF THE LAST TWO CONTINUED FRACTIONS

Here we consider
1

I-g—¢Y °
R 5 il

with d a nonnegative integer. So for d = 1 and d = 2 we get the continued fractions
from the previous sections. As usual

1
(1-¢*)(1 - g™t
14+v—
SO - 1 _ B(qt)
F(t) = 1+v—(1—qt)(1—qit)vF(qt) B B(q)
with

B(t) = (1+v)B(qt) — (1 — qt)(1 — ¢"t)vB(q’t).
Set 5(t) = B(t)/(¢"'t; ¢)oc, then
(1—g¢"")B(t) = (1 +v)B(gt) — (1 = gt)vB(g*t).
Comparing coefficients,
ﬁn - qd_lﬁn—l = (1 + U)qnﬁn - UQQan + Uq2n_15n—17

or /B qd—1<1 4 ,Uan—d) ﬂ q(d—l)n(_qu—d; q2)n
A=) =) (G )a(vg )
So
1-d/2, _ 1-d/2.
ﬁ(t) _ Z ( \/_q ) ( \/_ Q)n (qd—lt)n
= (q, Dn(VG; @)n
—iyog—4? V2 ) oo d/Q, ¢ 't; . -
_ (=ivg . 9o d(lx/_q 1q) Z \/_q Dn (d/2 Dr (s fog-dr2ye
(v¢; @)oo (4"t @) = n(VVg?t; q)n
Let us exclude the case d = 1, so that we don’t have to worry about taking a limit.
(=v¢°"% %) @D, o oaape
B(1) = —ivug' "),
O = g el G T a1 2= (@l )
(—v¢* % ¢*) o (Vg n(dSOn o~ 1ap
Blq) = . , _iy/ugl 2y
9 = o s O o ) %% @5 (/007 ) )
-~ (—v* % %)
(v¢; @)oo (0% Qoo (IVVq" 4?5 q) a1
1 — i\/_qd/2)( d; Q)n . 1-d/2\n
% Z (L — i/ogra/zm) (1 — 1y /ugd/2+n) (=ivg =),

n>0
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So

_ B(q)

F(1) = =g 50
= (4" 9)n(L — iv/0g"?) RN ILA
N >0 (¢; @) (1 — iy/ugttd/2+n) (1 — i\/;qd/2+n)( Vg )

_ (qd;Q>n i/
Hae —Q)(Q'Q)n_l(l —iﬁqd/2+n)( Vg ™)

+ Z ) (1-— C.Inﬂ) (_i\/qud/Q)n

"(1—=q)(g; q) (1 — iy/ugttd/2+n)

Z (q 'Q) (lﬁqd/QJrn)m(_i\/;qlfd/Z)n

T <1 —0)(¢; -

d.
q 1 B q . n\ym . — n
+ ) >(1\/5q”d/2+) (—ivvg—?)

n,m>0 1_q qq)n

DI

N>0 1<n<2N

1) n(2N—n)+Nd—nd
) q

n(=
(¢;
) n+1)( 1)N+n

C] 4 (1+n)(2N—n)+Nd—nd
+ q :
2 2 — ) (¢ 9)n

N>0 0<n<2N

Acknowledment. I would like to thank J. Cigler and P. Flajolet for valuable sugges-
tions.

REFERENCES

[1] George E. Andrews, Richard Askey, and Ranjan Roy. Special functions, volume 71 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1999.

[2] Johann Cigler. Private communication.

[3] M. Josuat-Verges. A g-enumeration of alternating permutations. European J. Combin., 31(7):1892—
1906, 2010.

[4] M. Josuat-Verges and J. S. Kim. T-fractions, and Jacobi’s triple product identity. submitted, 2011.

[5] C.Koutschan. Advanced Applications of the Holonomic Systems Approach. PhD thesis, RISC-Linz,
Johannes Kepler University, 2011.

[6] Marko Petkovsek, Herbert S. Wilf, and Doron Zeilberger. A = B. A K Peters Ltd., Wellesley, MA,
1996. With a foreword by Donald E. Knuth.

[7] John Riordan. The distribution of crossings of chords joining pairs of 2n points on a circle. Math.
Comp., 29:215-222, 1975. Collection of articles dedicated to Derrick Henry Lehmer on the occasion
of his seventieth birthday.

[8] Jacques Touchard. Sur un probleme de configurations et sur les fractions continues. Canadian J.
Math., 4:2-25, 1952.

(H. Prodinger) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF STELLENBOSCH, 7602 STEL-
LENBOSCH, SOUTH AFRICA
E-mail address: hproding@sun.ac.za



