CONTINUED FRACTION EXPANSIONS FOR ¢g-TANGENT AND
g-COTANGENT FUNCTIONS

HELMUT PRODINGER

ABSTRACT. For 3 different versions of g-tangent resp. g-cotangent functions, we com-
pute the continued fraction expansion explicitly, by guessing the relative quantities
and proving the recursive relation afterwards. It is likely that these are the only
instances with a “nice” expansion.

1. INTRODUCTION

In this paper, we consider the functions
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We use standard g-notation:
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For d =0, 1,2, we will find the following continued fraction expansions:
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(Replacing z by 22, we get z times a ¢g-tangent function.)
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(Replacing z by 2%, we get z* times a g-cotangent function.)

These g-trigonometric functions are variants of Jackson’s, see [2].

The instance d = 0 of the ¢-tangent appeared in [3], and the instance d = 1 in [1]
and [4]. The instance d = 2 as well as the g-cotangent expansions seem to be new.
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Computer experiments indicate that, apart from trivial variations, these are the only
cases where we get “nice” coefficients ay.
We treat all 6 instances in a systematic way:

We write
zF(z) =z 2 z
G(z) No z z ’
aq + — aq —+
N1 z
a9 + —
Ny
and set
T
N, = .
Si
This means
z
Ni=a;1 +
Nin
or
z ZSi+1 i Ty — G155
= =N, — Q1= — =y = ——.
Niq Tit1 Si S;

We can set r; = s;_1 and get the recursion
Si+12 = Si—1 — Qi415;-
The initial conditions are
s.1=G(z) and s9= F(z).

Note that the a;’s are the unique numbers that make the s;’s power series expansions.
In all instances, we are able to guess the numbers a; and the power series s, and
prove the guessed form by induction. In the cotangent case, F' and G switch roles, of
course. The proof by induction is a routine computation; the challenging part in this
line of research is the guessing. Since the proofs are very similar, we present just one
of them.
Replacing ¢ by 1/¢in F(z) =), <, G (An®+Bn 1aads to F(z) with new parame-

[2n+1]4!
ters A’ =2~ Aand B'=1— B. Similarly, G(2) =}, (—[2171}7;7" ¢“* P leads to new
parameters C' = 2 — C' and D' = —1 — D. So, if there exists a “nice” expansion for

(A, B,C, D), there is also one for (2—A,1— B,2—C,—1— D). Slightly more general,
replacing z by z¢*, also for (2—A,1—-B+(,2—-C,—1— D + /).

I only found two more expansions which are “nice” and do not follow from the ones
already presented in the way just described: The tangent for parameters (0, 0,0, 2) and
the cotangent for (0,2,0,0).

Finally, the special shape of the quantities s; indicates some candidates for a gen-
eralization. Indeed, the last section sketches functions Fj(z) and Gj(z), such that
Fo(z) = F(z) and Go(z) = G(z), with a “nice” continued fraction expansion of

Fn(2)/Gr(z) and Gp(z)/Fu(z).

2. TANGENT

2.1. d=0.
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3. COTANGENT
3.1.d=0. a; =1, and for k > 1
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4. PROOF OF THE COTANGENT CASE d = 1

We have by inspection that s; = G(z), and compute
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which checks, so we have the basis for our induction. And now we must show for all n
that

[2"] (21 — agkr252k41) = [2" '|s2m42,
[Zn] (SQk—l - a2k+132k) = [Zn_l]SQk_H.

Let us start with the first one:
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On the other hand
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which is the same, as it should.
And now to the second one:
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which is the same, so that our proof is finished.

5. A TANGENT
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6. A COTANGENT
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7. A GENERALIZATION
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