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Abstract. Dyck paths with air pockets are obtained from ordinary Dyck paths by com-
pressing maximal runs of down-steps into giant down-steps of arbitrary size. Using the
kernel method, we consider partial Dyck paths with air pockets, both, from left to right and
from right to left.

In a last section, the concept is combined with the concept of skew Dyck paths.

1. Introduction

In a paper that was posted on valentine’s day [1], Baril et al. introduced a new family
of Dyck-like paths, called Dyck paths with air pockets. Many of the usual parameters that
one could think of are investigated in this paper. The paths have the usual up-steps (1, 1)
and down-steps (1,−k) for any k = 1, 2, . . . , but no such down-steps may follow each other.
Otherwise, they cannot go into negative territory, and must end at the x-axis, as usual.
One could just think about ordinary Dyck paths, and each (maximal) run of down-steps is
condensed into one (giant) downstep.

The Figure 1 explains the actions readily.

Figure 1. Graphical description of Dyck paths with air pockets. Top layer
describes the situation after an up-step, bottom layer after a down-step.

We introduce generating functions fk(z) and gk(z) where the coefficient of zn in one of
these functions counts paths ending in the respective state according to the number of steps.
The function f0(z) + g0(z) counts the Dyck paths with air pockets, as the zero in the index
just means that they returned to the x-axis.
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In this short paper, we will enumerate partial Dyck paths with air pockets, namely we
allow the path to end at level i. In other words, we compute all fk(z) and gk(z).

Our instrument of choice is the kernel method, as can be found in the popular account [2].

2. Generating functions

Just looking at Figure 1, we find the following recursion, where we write fk for fk(z) for
simplicity:

f0 = 1,

fk = zfk−1 + zgk−1, k ≥ 1,

gk = zfk+1 + zfk+2 + zfk+3 + · · · ,

and now we introduce bivariate generating functions

F (u, z) = F (u) =
∑
k≥0

ukfk(z), G(u, z) = G(u) =
∑
k≥0

ukgk(z).

Summing the recursions,

F (u) = 1 + zuF (u) + zuG(u)

and

G(u) =
∑
k≥0

ukz
∑
j>k

fj = z
∑
j>0

fj

j−1∑
k=0

uk = z
∑
j>0

fj
1− uk

1− u
=

z

1− u
(F (1)− F (u)).

Eliminating one function, we are left to analyze

F (u) = 1 + zuF (u) +
z2u

1− u
(F (1)− F (u)).

Solving, we find

F (u) =
1− u+ z2uF (1)

−zu+ zu2 + z2u+ 1− u
=

1− u+ z2uF (1)

z(u− s1)(u− s2)
,

with

s1 =
1 + z − z2 +

√
−z2 − 2z3 − 2z + z4 + 1

2z
,

s2 =
1 + z − z2 −

√
−z2 − 2z3 − 2z + z4 + 1

2z
.

Note that s1s2 = 1
z
. We still need to compute F (1). Before we can plug in u = 1 and

compute it, we must cancel the bad factor of both, numerator and denominator. In this
case, this is the factor u− s2, since the reciprocal of it would not allow a Taylor expansion
around u = 1. The result is

F (u) =
−1 + z2F (1)

zs2 − z + z2 − 1 + zu
,
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from which we now can compute F (1) by plugging in u = 1. We get

F (1) =
−1 + z2F (1)

zs2 + z2 − 1
=

1

1− zs2
and therefore

F (u) =
1− s1
1− zs2

1

u− s1
= − 1

s1

1− s1
1− zs2

1

1− u/s1
.

Reading off the coefficient of uk, we further get

fk = − 1

sk+1
1

1− s1
1− zs2

= −zk+1sk+1
2

1− 1/(zs2)

1− zs2
= −zksk2

zs2 − 1

1− zs2
= zksk2.

Since G(u) =
F (u)− 1− zuF (u)

zu
, we also find

gk =
1

z
fk+1 − fk = zk(sk+1

2 − sk2).

We can also compute total(z) = F (1, z) + G(1, z) which counts path that end anywhere,
and the result is

total(z) =
1− z − z2 −

√
−z2 − 2z3 − 2z + z4 + 1

2z3
=

1

z2
g0.

In retrospective, this is not surprising, since if we consider paths that end at state 0 in the
bottom layer, and we go back the last 2 steps, we could have been indeed in any state.

It is worthwhile to notice that

f0 + g0 = 1 + z2 + z3 + 2z4 + 4z5 + 8z6 + 17z7 + 37z8 + 82z9 + 185z10 + 423z11 + · · ·
and the coefficients 1, 1, 2, 4, 8, 17, . . . are sequence A004148 in [4].

Theorem 1. The generating functions describing partial Dyck paths with air pockets, landing
in state k of the upper/lower layer, are given by

fk = zksk2, gk = zk(sk+1
2 − sk2).

In particular, fk + gk = zksk+1
2 is the generating function of partial paths ending at level k.

3. Right to left model

Reading Dyck paths with air pockets from right to left means to have arbitrary long up-
steps, but only one at the time. While the enumeration for those paths that end at the
x-axis is the same as before, this is not the case for partial paths.

Figure 3 explains the concept. The generating functions ak refer to the top layer and bk
to the bottom layer.

The recursions are1

ak = [k = 0] + zbk+1,

bk = zbk+1 + z
∑

0≤j<k

aj.

1Iverson’s notation is used here.
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Figure 2. Graphical description of Dyck paths with air pockets. Top layer
describes the situation after a down-step, bottom layer after an up-step.

With bivariate generating functions analogously to before, we find by summing

A(u) = 1 +
z

u
(B(u)− b0)

and

B(u) =
z

u
(B(u)− b0) + z

∑
0≤j<k

aju
k =

z

u
(B(u)− b0) +

zu

1− u
A(u).

One variable can be eliminated:

B(u) =
z

u
(B(u)− b0) +

zu

1− u
+

z2

1− u
(B(u)− b0).

Solving

B(u) =
z (B(0)−B(0)u− u2 + zB(0)u)

z − zu+ z2u− u+ u2

The denominator factors as (u−s−1
1 )(u−s−1

2 ). The bad factor is this time (u−s−1
1 ). Dividing

it out,

B(u) =
z (−us1 −B(0)s1 +B(0)s1z − 1)

us1 − zs1 + z2s1 − s1 + 1
and further

B(0) = b0 =
z

s1 − 1
= s2 − 1.

Thus, after some simplifications,

B(u) = −z +
zs1

(s1 − 1)(1− u
zs1

)
,

or

B(u) = −z +
1

s2(s1 − 1)(1− s2u)
= −z +

s2 − 1

zs2(1− s2u)

and then

bk =
s2 − 1

z
sk−1
2 , k ≥ 1.
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The functions ak could be computed from here as well, but for the partial paths only the
functions bk are of relevance, if we don’t consider the empty path.

Theorem 2. The generating functions of partial Dyck paths with air pockets in the right to
left model are

1 + b0 = s2

and

bk =
s2 − 1

z
sk−1
2 , k ≥ 1.

To consider the total does not make sense, since in just 1 or 2 steps, every state can be
reached, so a sum over bk would not converge.

4. Skew Dyck paths with air pockets

The walks according to Figure 3 are related to skew Dyck paths [3]; the red down-steps are
modeled to stand for south-west steps, and the way they are arranged, there are no overlaps
of such a path. See [3] and the references cited there.

Figure 3. Three layers of states according to the type of steps leading to
them (up, down-black, down-red).

Now we combine this model with air pockets. Each maximal sequence of black down-steps
is condensed into one giant down-step, depicted in dashed grey in Figure 4

Introducing generating functions, according to the three layers, we find the following
recursions by inspection;

a0 = 1, ak+1 = zak + zbk, k ≥ 0,

bk = z
∑
j>k

aj + z
∑
j>k

cj,

ck = zbk+1 + zck+1.

Translating these into bivariate generating functions, we further have

A(u) = 1 + zuA(u) + zuB(u),

B(u) =
z

1− u
[A(1)− A(u)] +

z

1− u
[C(1)− C(u)],

C(u) = zuB(u) + zuC(u).
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Figure 4. Three layers of states according to the type of steps leading to
them (up, down-black, down-red). Black down-steps are condensed into giant
grey down-steps.

Solving,

A(u) =
z3u2A(1) + z3u2C(1)− zu2 − z2uC(1)− z2u− z2uA(1) + zu+ u− 1

(−1 + zu) (zu2 + 2z2u− zu− u+ 1)
,

B(u) = −(−A(1)− C(1) + zuA(1) + zuC(1) + 1) z

zu2 + 2z2u− zu− u+ 1
,

C(u) =
z2u (−A(1)− C(1) + zuA(1) + zuC(1) + 1)

(−1 + zu) (zu2 + 2z2u− zu− u+ 1)
.

We factor zu2 + 2z2u− zu− u+ 1 = (u− s1)(u− s2) with

s2 =
−2z2 + z + 1−

√
4z4 − 4z3 − 3z2 − 2z + 1

2z
, s1 =

1

zs2
.

Since A(u)−C(u) = 1
1−zu

, we have A(1)−C(1) = 1
1−z

, and we only need to compute one of
them. Dividing the (bad) factor (u− s2) out, plugging in u = 1 and solving leads to

A(1) =
−s2z + 2− z

2 (1− s2z) (1− z)
=

1

2(1− z)
+

1

2(1− zs2)

and

C(1) = − 1

2(1− z)
+

1

2(1− zs2)
.

Using these values, we find

A(u) +B(u) + C(u) =
s2(1− z2 − zs2)

(1− zs2)(1− uzs2)

and furthermore

[uk](A(u) +B(u) + C(u)) =
zksk+1

2 (1− z2 − zs2)

(1− zs2)
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These functions describe all skew Dyck paths with air pockets, ending at level k. For k = 0,
this yields

1 + z2 + z3 + 3z4 + 7z5 + 17z6 + 45z7 + 119z8 + 323z9 + 893z10 + 2497z11 + · · · .
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