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ABSTRACT. Recently, Belbachir and Bencherif [2] have expanded Fibonacci and Lu-

cas polynomials using bases of Fibonacci and Lucas like polynomials. Here, we provide

simplified proofs of the expansion formulae, that in essence a computer can do.
Furthermore, for 2 of the 5 instances, we find g-analogues.

1. INTRODUCTION
In [2], Fibonacci and Lucas polynomials were studied:
UO = 07 Ul = 17 Un = I’Un,1 + yUn727
‘/0 = 2, ‘/1 =T, Vn = an—l + yVn—2~
We prefer the modified polynomials
up =0, up =1, up = Up_1 + 2Up_2,
vo=2, v1 =1, v = Vp_1 + 22,
so that
Un(,y) = a"un(55), Valw,y) = a"vn ().
Y ’:1:2 ) ) 1'2
Then, with
1++v1+4z

2 b
(A" — \D), U = AT+ AL

Al =

1
Vv1+4z

Substituting z = ¢/(1 — t)?, these formulse become particularly nice:

el _ 1+
R T e A (RO

The main result of [2] are the following 5 formulae:

2u2n+1 - Z Ap kV2n—k, An ke = 2 Z(_l)j+k (}i) - (_1)n+k (Z) : (11)
k=0 Jj=0

Up =

- n
Uopn = Z bn,ku2n—ka bn,k = (_1)k+l (k) . (12)
k=1
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“ n
Von—1 = ch,ku2n—k7 Cnk = 2(_1)k+1 (k’) - [k = 1]
k=1

- 2n—k (n
2vp-1 = Zdn,kUanlfky dpp = (—1)F 1= <k)
k=1

n
2u2n = E En kV2n—1—k,

e <>+§f JM1<j1)_%“UM%2:D'

j=0

(1.3)

(1.4)

(1.5)

But the proofs of all these, using the simple forms for u, and v,, can be done by a
computer! To give the reader an idea, let us do the last one, which seems to be the

most complicated:

- u 2n —k (n
n n—1-k — —1 R n—1—
;6 kU2n—1—k ;( ) on <k>v2 1-k
n—1 j+1 j n 1 n—1
+ Z Z J+k 1( 1) Vop—1—k — Z §<—1)n+k (k _ 1) Voan—1-k
7=0 k=1 k=1
1— t2n—1 1+t2n—1 ( )ntn 1 ( 1)ntn 1

BT e I e R R ) e VT

R O B
DR

The other proofs are similar /easier:

“ 2[(—=t)™(1 4+ t) + 1 + ¢3! 2(—t)™
S gy = 200D | _ 2=

i (1—t)2(1+¢t) (1—t)2n
2[1+t2n+1] 2
— = u n .
(1 —1)2*(1+¢t) antl
i 2(1 — ) 142t
CnkUopm—k = —
KT (1 + ) (14 )(1— )22

1 — t2n—1

2. ¢-ANALOGUES

Now we are interested in g-analogues. For this, we replace wu,, by

= Y ]
q

—1
0<h<ngt
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and v, by

Luc, = Z q(2) {n ; k]qﬁzk’

0<k<Z

as suggested by Cigler [3]. We use standard g-notation here:

o . n—1 | n o [n]q!
)y =14q+ - +¢" [0l == [1,[2,...[nl, M = Wl R

compare [1]; the notions of the Introduction are the special instance ¢ = 1.

Theorem 1.

n
Lucy,—1 = E dn,kLuc2n—1—ka
k=1

k
q(2) n—1 o1 |m
e\ & |77 k)
q q q
Proof. We must prove that

Z_ o [271 _kl : k] . [QT[LQiIi](;C]qZk
s ([ <[]

l2zn—j—1-Fk 2n—j—1],
Y q()[ k L[2n—j—1—/{:]qz'

with
dn,k _ (_1)k—1

0<k< 2n72j71
Comparing coefficients, we have to prove that

O e

Sl ([ e [0 s

Slmphfymg, we must prove that
& ([ |n—1 net|m n—j3—2—-k ,
O RS | L
§=0 q q q
Another form of this is
Z(_l)]q(%) (1 . q2n—1 _ qn—j + qn—1> <1 _ q2n—j—1> |:Tl:| |:2n —J—2- k:| _0
§=0 q k—1 q
Notice that
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for 0 < a < n — 1. This follows from Rothe’s formula [1, p. 490]
§:¢4y49rﬂg4:(1_xx1_x@”.u—q%5.
j q

We write the desired identity as

n

3 (-1)q®) (A +Bq + Cq*”) m q(Dqu ok Dkflq’j(’“’”) =0.

§=0
Therefore, for k£ < n — 2, the identity holds. For k =n — 1,

S0 (1o s ) ()] [ =

=0 J1q

can be shown by inspection, and for k& = n, the identity holds, since the sum is
empty. ([l

Theorem 2.
Fibs, = ) busFibat
k=1

with

b = (—1) 1) m q.

Proof. We must prove that

5 %%UFn—:—l}ﬁ

0<k<n—1

Comparing coefficients, this means
S (=1)ql m [Zn _jk_ b 1] — 0,
§=0 J1q q

which follows by a similar but simpler argument than before. O

3. CONCLUSION

We found 2 g-analogues; for the remaining 3 instances we were not successful and
leave this as a challenge for anybody who is interested.
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