A COMBINATORIAL STUDY OF TWO-PERIODIC RANDOM
WALKS

WOLFGANG PANNY AND HELMUT PRODINGER?

ABSTRACT. Two-periodic random walks have up-steps and down-steps of one unit
as usual, but the probability of an up-step is a after an even number of steps and
B8 =1 — « after an odd number of steps, and reversed for down-steps. This concept
was studied by Bohm and Hornik [1]. We complement this analysis by using methods
from (analytic) combinatorics. By using two steps at once, we can reduce the analysis
to the study of Motzkin paths, with up-steps, down-steps, and level-steps. Using a
proper substitution, we get the generating functions of interest in an explicit and neat
form. The parameters that are discussed here are the (one-sided) maximum (already
studied by Bohm and Hornik [1]) and the two-sided maximum. For the asymptotic
evaluation of the average value of the two-sided maximum after n random steps, more
sophisticated methods from complex analysis (Mellin transform, singularity analysis)
are required. The approach to transfer the analysis to Motzkin paths is of course not
restricted to the two parameters under consideration.

1. INTRODUCTION

Béhm and Hornik [1] have studied two-periodic random walks, with up-steps and
down-steps of one unit as usual, but the probability of an up-step is « after an even
number of steps and 8 = 1 — « after an odd number of steps, and reversed for down-
steps. See [1] for motivation and references. In the present paper we want to use a
different method to prove new results and rederive some others. So, this paper can be
seen as a companion paper to [1]. As references for the approach we choose we cite
[6, 7, 5]. In [1], a fair amount of space was dedicated to the study of the maximum of
such a random walk. The model under consideration is that the random walk (lattice
path) starts in the origin and may end anywhere after n steps. We plan, however,
to move to different models (e. g., non-negative paths) in future publications. The
following figure will be useful to understand our procedure.

We look at pairs of steps, and, since after an even number of steps, the random walk
can only end at an even level, we might as well reduce the grid to points with both
coordinates being even. In this way, we get a modified random walk which resembles
Motzkin paths (up-step, down-step, level-step), with suitable weights. We use the
abbreviations A = af and g = 1 — 2)\. Studying the modified walk will lead to
enumeration results for the original walk, after 2n steps. It is, however, only a small
modification, to deal with an odd number of steps, since we just add one single step
at the end, and this can be described. The parameter “maximum” is translated to the
maximum of the modified path, but with a small twist. We will compute (probability)

1This author was supported by an incentive grant of the National Research Foundation of South
Africa.
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generating functions for walks with maximum < h. If h is an odd number, h = 2H + 1,
then this is directly given by the maximum of the modified path being < H, but for
even h = 2H, we must be careful that the original path, during odd numbered steps,
does not reach the level h + 1. So, for the modified path, on level H, we can make a
level step, but not with the full probability s, but only with 3?, which is the weight
of a down-up double step in the original path. The same principle applies, mutatis
mutandis, when we bound the random walks from below.

We will find generating functions for walks bounded from above and below, with
modifications when necessary. For each level that the walk can reach, there will be one
generating function, and they satisfy a system of linear equations that can be solved
explicitly using Cramer’s rule. The determinants that show up satisfy a second order
recursion, whence there is an explicit expression for them. One essential step within
our method is the substitution

v

°T A+ pv + M?

Using this, all functions become rational, and manipulations are much easier. When
we are not interested in the level where the walks end, we simply sum. Sending the
lower bound to —oo leads eventually to walks that are only bounded from above. From
this the expectation of the maximum parameter can be explicitly derived, and more
results as well if desired.

We will also deal with a new parameter , which is very natural here. If the (orig-
inal) walk is (0,590 = 0),(1,s1),...,(n,s,), then we consider maxo<;<,{|s;|} instead
of maxo<;<,{s;} (maximum). We will call this the two-sided maximum. For this, we
compute generating functions of walks that “live” in a strip —h < --- < h. Once again,
for odd h, this is easy, but for even h we need the modification at the top and bottom
levels. This parameter is more complicated than the maximum itself since it requires
more advanced techniques (Mellin transform, singularity analysis) for the asymptotic
evaluation.

2. THE MAXIMUM

We start with paths (in the original sense), “living” in the strip —(2k +1) < --- <
2h + 1. For the modified paths, this means —k < --- < h. Eventually, we will send £
to infinity. According to the discussion in the Introduction, this leads to a system of
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vi(z) = Z[probability that an admissible path ends at level i after n steps|z" :
n>0

7 IR 11 e ] [0]

Ph—-1 DRNTEDN Ph—1 0

: A A : :

%0 =z - Yo + |1

: A A : :

O_(k-1) A A O_(k-1) 0

| Y-k L Al |y 0

These functions also depend on h and k, but we avoid a clumsy notation for this. A
rearrangement leads to

(1 —puz =Xz i Ph 0
-z 1l—puz =Xz Ph—1 0
-z 1—puz —MAz : :

" ©o = |1

-z 1—pz =Xz : :

Az 1—pz =Xz O (b—1) 0

i —Az  1—pz Ok 0

This system will be solved using Cramer’s rule. For that, we need the following deter-
minants:

—A\z
1—pz

1—pz

—Az -z

a; = ..
—Az 1—pz =Xz

Az 1—puz

with ¢ rows. Expanding the determinant with respect to the first row, say, leads to

a;i = (1 — pz)a;—1 — N2%a; s
with ap = 1, a; = 1 — pz. Using standard methods to solve the recursion, together
with the substitution
v
2=—
A+ pv + Av?

_ 1—pz—/(1—2)(1—2(1—4N))

2z
leads to the explicit (and appealing!) answer
1 — U2n+2 by

n

1— 2 (/\—l—/w—l—)\v2> '
Note that the root with the negative sign has the property z =+ 0 < v — 0.
With these quantities, the desired generating functions can be computed:

(%

Ay —

(A2)lan_;ay,
=,

Ap+k+1

i=0,....h,
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(\2)lanan_;

DI o e S
Ah+k+1
This leads to
A+ v+ Ao? 1 — p?h+2 ; ;
i = 2( 2h)k 7y (U V)
A (1 —v2)(1 — v2h+k+1)+2)
and
A+ v + v? 1 — p?h+2 ; »
P—i = 2( Zh)k Nz (v — ),
A (1 — v2)(1 — v2(htk+1)+2)
Further,
A+ v+ A0? (1 — 01— oM (1 — o)
2T T (I o) (1 - (1 - kR
and
Z’“: )\+,uv+>\v (1 — v2h+2)(1 — vk)(1 — vh D)

(1 —0)(1 —02)(1 — p2hthtD+2)

The sum leads to the generating function of all walks that live in the strip:

h k AFJv+ M2 1— phtl— gkl g 2htbebd | 2hthd3 g 2he 2k
IS I

A (1 — 0)2(1 — 20D +2) - (D)

1=0 =1

Now we let & — oo and get the generating function of paths with maximum < 2h + 1
(original paths, even number of steps).

(A + pv + M?)(1 — ot

M[§2h+1](2) _ )\(1 — U)Q

The limit for h — oo leads to all paths:

L (A4 pv+ ?)
I—z A1 —w)2

Taking differences, we find the generating function of paths with maximum > 2h + 1:

(A + po + Av?)oh !

M[>2h+1}(z) _ )\(1 )2
— v

Now we move to the more tricky case that the maximum is < 2h. It basically means
< h for the modified path, but with a twist. The probability for a level step at the top
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level is 3%, not the usual . The system to be solved is

[1— 3%z —\z ¥Ph
Az 1l—pz =Xz Ph—1
-z 1l—puz —Az

-z 1—pz =Xz :
-z 1—pz =Xz P (b-1)
i —Az 1 —pz] Ok

For that, we need the determinants
1-p3%2 =Xz
Az 1—=—pz =Xz

—Az 1—pz =Xz
-z 1—puz

with ¢ rows. Expanding with respect to the first row leads to
bi = (1 — 622)61171 — ()\Z)Zai,Q
1 A i Q a . ,
— 1 Ty a2+l 2042 )
1—1}2()\+;w+)\v2>[ +5v BU v
Hence, the solution can be written as
()\z)ibh_iak

$i = ——F iZO,...,h,
bhyks1
A2)ibpag—;
(p_i:(z)—hak7 i=0,.. k.
bhykt1

This leads to
A v+ A2 1 — 2 [1 4o ap — BU% 2i+1 U2h—2i+2}
Y; =0 A\ 1 — 2 [1 + EU _ %Uzh+2k+3 _ U2h+2k+4]

and
A4 A2 1 — 22 [L 4 Gu — ottt — 2]
oy A L—v? [+ Gu— Gu2hi2hes — 2hidkit]’

By summing,

)\ + /w + M2 1 — p?kt2 Z?:o [(1 + %v)v" — (% + v)v2h4+1}

Z — 2 Q. Q,9h+2k+3 _ 2h+2k+4
— 1—w [l—i—ﬁv 5V v }

A+ 2 (1 — o) (1 — ot [(1+ gv)—(5+ )t

)

Y (1—v)(1—v?2) [1 4 %U _ %v2h+2k+3 — v2h+2k+4]
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Z o A+ v+ M2 (1 — oF)(1 — oh ) [(1 + %U> _ (% + U)U2h+1}
P T A (I-v)(1—-2?) [1+ Sy — Syhidhtd v2h 2]’

To simplify the computations, we let k — oo already now and compute

ELIE 23%+§:@1_A+MW+M) (1— o) [(1+50) = (§ +v)o]

(1 —v)(1—12? (1+ v)
N A+ v + Av? v [(1+ 5v) — (5 +vv 2]
A (1—v)(1—12?) (1+ Sv)
_ At Av? [(1+ 30) — %'Uhﬂ}
A (1+Fv)(1—v)?

The limit h — oo is again

2 2
A+ pv 4 Av 1 <1+gv>:)\—|—,uv—|—/\v 1 |
A (14 5v)(1 —v)? 54 A (1—wv)?

which is a good check. Taking differences, we find

(A + pv + Aw?)oht!

M) = X BT an (i = o)

Recall that
(A + pv + Av?)ohtt
A1 —wv)?

From this we find immediately the generating function of the expectations:

Z) _ ZM[>h}(2) _ ZM[>2h}(Z) + ZM[>2h+1]<2)

M[>2h+1} (Z) _

h>0 h>0 h>0
Ao+ A? 1 1 v
M1 +0)?2 B+ av 1—w

v(A + pov + A?) (1 + 8+ av)
A(B + av)(1 —v)?
v(a+ Bv)(1+ 5+ av)
Al —w)?
2 44—« 2 — a?

SN0 A0 —vRE ai—o)

Before we engage into the study of paths with an odd number of steps, let us get an
explicit expression for the expectation. We will use the notion of (weighted) trinomial
coefficients [2]

SWIP
(my“>:ww+w+mw.
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Then
EMaxy,, = [2"|E(2)

1 j{ dz 2 4— N 2 —a? .
2w J ot N1 =3 A1 —0)2 A1 —0)

1 (A + po + M?)" N1 — v?) 2 4 -« 2—a?
= 2_7rz7{ ot {m 0P AMI—02 T ad—w) 11 dv
4 _
= ["] (A + v + A0?)" (1 4 0) [(1_20)2 - 1_Z‘+(2—a2>] A1 = 0?)
= [v"] (A + pv + 2" 2[4/%’“—2(3—04)] oF 4 (2 — a®)v + M
k>1
N R WD) n—1; N\, A = n—1; N\, A
A( o >+(a—|—)\)( o )+Z( T )(4k—2ﬁ).

k=1

Further essential simplifications seem to be possible only for special values of «, in

particular the standard case a = 3 =

Note that the above computation was equivalent to the use of the Lagrange inversion
formula.

[N

Odd number of steps. Let us start with the easy case of paths bounded from above
by 2h + 1. It means that the modified path is bounded from above by h, and an
additional step at the end cannot bring the path to a level larger than 2h + 1. Thus

[<2h+1] _
Mogq = Z Pi
i<h
is also the generating function of paths of length 2n+ 1, bounded from above by 2h+1.
Now, we consider paths bounded from above by 2h. Their enumeration was achieved

as
Z Pi

i<h
(with ¢ different from before). Now an additional step can be done in almost all
situations. The only exception is, that, when the path has ended on level h (original
path on level 2h), an up-step is forbidden. Thus, the quantity ay, has to be subtracted,

leading to
h
ME =3 i ain
i<h
Thus
A+ pv + Av?) (1 — ot
MIEZH g pl<2n] ) o ( .
odd (%) A1 —v)?

Further,

A+ po + Av?)ohtl
A1 —wv)?

M[jd2h+1} _ M[>2h+1}(2) _ (
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For the other instance,
o Ao+ x? 1

A 1+%U'

<2h
Mg = M= (z) —

Therefore

Ao+ AP (N4 o + M)t
B+ av)(1 —v)? B+ av

(A v+ Ao?)Rh

S AMBH+aw)(1—v)?

From this we find immediately the generating function of the expectations:

h 2h] 2h+1
FEoda( Z Mojd] () = Z Mc[jd Z Mijd i ]

10 h>0 h>0
A v+ A A+ o + AP 1
A1 —w)2 { B+ av v}l—v
2 2
= At pot Av? ;\L(/iw_—i;))\gv [+ pv+0] = ATt Av ;r(?i—;;)v [ — av + 2v]
A+ A? 20 a
-

The coefficients of this generating function can again be written as a linear combination
of trinomial coefficients:

P WTIDN = (A, A
" Boa(2) = EMaxo,. 1 = 4k — 28).
it Bl 5 () a2

Asymptotic evaluation. Let us now move to asymptotics. In order to apply singu-
larity analysis of generating functions [4, 5], we need the local expansion around z = 1.
Since

I—2 1—z 4)\+1(1—z)3/2
ve~1— 3

Y W e
S l-zreA1=0)+ A1 =0’ + A1 = A) (1 —v) 4

we get
2 4—« 2—a?
E(z) = - 1
A Vi R Vg R Vo gy
2v/A l—a  1-8\  1-2
(1=2%2 11—z 4/A1—2)/2 2
1 —16)2 1/9 3/9
The same procedure for Eyyq(z) furnishes
2 4 — 2 — 202
Eoqa(2) = - T IR

MI—0p  A1—02 | AI—v)
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2v/\ _1—a+_ 1—4)\
(1=2)32  1—2  4yX1 —2)V/2
1 — 8\ + 162

ez - P+ 0((1-2)7).

These local expansions of F(z) and Fyqq(z) could be translated into the asymptotic
expansions of the coefficients of 2™, corresponding to the asymptotic expected maximum
after 2n and 2n + 1 steps, respectively, of the original path. But, observing that the
generating function G(z) of the expected maximum of the original path is E(z?) +
1 Eoqq(2?), we can even derive explicit expressions for the expected maximum after n
steps of the original path, as n — oco. Since E(z) and Eyq4(2) have their singularities
at z = 1, G(x) has its singularities at z = 1 and z = —1. So we only have to expand
G(z) = E(2%) + tFq4(2?) around z = 1 and * = —1, add up, and translate (by
applying the transfer theorem from singularity analysis of generating functions, see
[4]) into the asymptotic expansion of the coefficient of 2. Proceeding in that way we
get

2v/A 1—5) 1-2a
Glz)="(1—-2)3?-(1-a)1l—2)'+ 1—2)" Y24
(@) = 221 =) = (=)l =)+ SR (1)
1 -2\ =T\
— = T 1-)2+0((1-2)%?), as r — 1,
and
G(x) = _—a+/\—2(1+x)1/2—1_—a(1+x)+0((1+x)3/2) asz — —1
2 24/2)\3/2 4 ’ '
Hence the expected maximum EMax, of the original path after n steps is
EVO)\ 1—2A\ |
EMax,, = [z"] G(x) = M —(1—a)+ — il
Vo WV IMW2my/n 32X\3/24/21 n3/2 2)
—1)" VA
(=1)" VA +O(n*5/2).

a 4+/21 n3/?

This refines a recent result of Bchm and Hornik [1]. Our additional terms show that
the expected maximum actually is different for paths of even and odd length; these
differences occur only for lower order terms.

We summarize our findings.

Theorem 1. The generating functions E(z) resp. Eoaa(z) of the maximum of the two-
periodic paths with weights o and B after 2n resp. 2n + 1 random steps is given by

a+ pu)(1+ 5+ av)

NI = 0)? !
(A + v + Av?)(a + B + )
A1 —v)3 ’

E(z) = ol

Eodd(Z) =



10 WOLFGANG PANNY AND HELMUT PRODINGER

v
with z = ——— . The expected value of the maximum after n random steps is
A+ pv + Av?

given by
4 A/n

EMax,, ~ ,
V2T

with more terms provided in (2).

3. THE TWO-SIDED MAXIMUM

In this section we consider the two-sided maximum of a walk (0, so), (1,s1), ...,
(n, $,,), defined to be maxg<;<,{|s:|}. We have to find (probability) generating functions
for the walks that are bounded by h. As before, it has to be distinguished whether
h is even or odd. Let us start with the easy case that the walk lives in the strip
—(2h+1) < --- < 2h + 1. Then the computations from the previous section can be
used, with A = k. From (1) we find

h
TI<2h+1] _ Z o = A+ pv + Mv? (1— Uh+1)2

N (L= 0)2(1+022)

i=—h
and
Tl _ A pv+ Av? 200 _
A1 —wv)2 1+ v2ht2
Now we move to the instance —2h < --- < 2h. Here, we have to do some independent
computations. We need some more determinants. Let

1l—pz =Xz
-z 1—puz —Az
b =
-z 1—pz =Xz
-z 1—a?z
with ¢ rows. Then
1 A i . .
a1 — 2 \\ + pv + Av? a a
Let
1—-5%% =Xz
Az 1—puz =Xz
C;, = '

-z 1—pz =Xz
Xz 1-—a?z

with 7 rows. Then

ci = (1 — a?2)bi_; — N222%b;_

_1—@2i< A )ll
1 =02 \ A+ v+ o2 '
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With these determinants, the generating functions, leading to level ¢ with —h <7 < h,
can be expressed:

(A2)ibp_ib;

Y=, i:O,...,h,
Coh+1
A2)iE b
so_z:—( )’H", —0,....h
Coh+1

This leads to

. [1 + %U _ %Ug(h—i)ﬂ _ U2(h—i)+2] [1 + §v _ §U2h+1 _ 1)2h+2}

Y—i = Pi v’
and
h B B.,.2h h h
Z 0 = [L+qv— qoohH — 2] Zvi 14 Q- X2 242
P ' (1 — U2(2h+1))(1 — 112) pa B B
(4 0) =™ G 4ol o) — oG o))
- (1— 2D (1 —0)(1 - ) (1=,
Likewise,
h [(1+ %v) — o™ 1(5 + 0)][(1+ £v) — "1 (£ +0)] [
2,07 (= o) (1 = o)(1 %) e

Then

h h h
l<2h] _ Z ;= Z% + ngﬂ- — ©o
; =0 i=0

i=—h
A+ pv + M?)(1 — v¥F2) — (1 4 v)o (1 — 2t
A1 — o™ 12)(1 — v)2
(A + pv + Mo?) (14 v)vhtt

A1 —w)? A1+ 02+ (1 —0)2
Therefore
(1+ v)ot!
A1+ 02+ (1 —v)2
This leads to the generating function of the expected values of the two-sided maximum:
E(z) _ ZT[>h] _ Z T(>2h] + Z T>2h+1]
h>0 h>0 h>0
(1+0) Z phtl 2(\ + pv + Mv?) Z ot

- A1 — )2 1+ v2htt i AL—wv)? =1+ v

T[>2h] _

h>0
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Odd number of steps. This will now be quite similar to before. There are exceptional
cases for even 2h, which means h for the modified path, and an up-step at level h and
a down-step at level —h must be excluded. This leads to slightly modified generating
functions.

plS2h 1] p[<2h+1]

odd ;
TS _ <2 _ i — By,
Therefore
IS2ht1] _ pl<2h4] _ A+ pv + Mv? (1 — oh+1)2
odd by (1 _ v)2<1 + U2h+2)
and also
T>2h+1] _ pl>2ht1] _ A+ v + A2 200!
odd /\(1 o U)2 1 + U2h+2 )
pleon _ Attt (1wt
T A1 —0?  AQ o102
We have
[ s s [ o Bt ey
P$h =10 (1 — v2C@h+D) (1 — v2)

p(L=0?) [(1=02*2) + So (1 —v®)]
(1— U2(2h+1))(1 —?)
p (L= 0™2) + Jo (1 — o)

=0

=v 1 — o2ht1)
and further
1 U2h+2) + By (1 _ U2h) (1 _ ,U2h+2) 19 (1 _ v2h)
_ h ( o h B
app + By = av 1 — 42@h+1D) + Pv 1 — 32(2h+1)
h
v
= T L@+ 81 - V) (a + B)o(1 - 0]
v 2h+1
I IICTESY) [(1 +0) v (14 Uﬂ
(14"
1 4 p2htl”
Thus
pls2h) _ A v+ (1+ v)o"*! ~ (Ltop”
odd (1 — )2 A1+ 02 (1 —wv)2 1+ p2ht!
Ao+ (T4 o)A+ o + Ao?)

NI —0)? NI+ o) (1 = 0)2
A+ A 1_(1—|—v)vh
A1 —w)? 1+ 2l
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A pv + A? 1 — ol — htl g2l
B A1 —wv)? . 1 + v2htl
(A po+ 21— o) (1 =
B A1 — v)2(1 + v2h 1)

This leads to

pl>2h 1] _ 2(\ + pw + Mv?)ott! _ [>2h+1]

odd M1 —0)2(1+ v2h+2) -
T2 _ (A + pv + M?)(1 + v)o"
odd )\(1 _ U)2(1 + U2h+1)
h 2h] 2h+1]
Foa(2) =Y Thay' =D T+ qloms
h>0 h>0 h>0
_ (A+uv+)\v2)(1+v)z v +2()\—|—,uv+/\1)2)z vl
B A1 —wv)? 1+ v2htl A1 —wv)?

1 U2h'
h>0 h>1 +

Asymptotic evaluation. Let us now move to asymptotics. Regarding the series
(harmonic sums) in the expressions of F(z) and FEy4q(z) this is more difficult than
before. To deal with them let us introduce

oht:
1—21+Uzh+1v 2_Zl+v2h

h>1

Using o1, 09 we get

E(z) = ﬁ [(1+v)Vvoy +2(A + po + M?)os]
A pv+x? [14+wv
Eodd(Z) = )\(1 — v)2 |: \/5 o1+ 20’2} .

Note that

ZZ @) and gy = ZZ )kyh(2k+1)

h>0 k>0 h>1 k>0
For the further study, one sets v = e~* and performs the Mellin transform [3]:

MZZ k 7th+ )(2k+1) _ ZZ (2]{7—1-1)

h>0 k>0 h>0 k>0

=T(s)> (h+3)7 Y (-D*k+1)°

h>0 k>0

=T(s)((s,3) {2(4/@ +1)7 =) (dk+ 3)—8]

k>0 k>0

= 47T (s)¢(s,3) [C(s, 1) — (s, D],
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MZZ k:—th2k+1 _ ZZ 2k—i— )

h>1 k>0 h>1 k>0
= 47T (s)¢(s)[¢(s5 3) — (s, )]

Here, we used the Hurwitz’ zeta function

1
((s,a) = Zm

n>0
A reference for many of its properties is the classic book [8].

The method consists in applying the inverse Mellin transform, which is given as a
contour integral, and evaluating it (asymptotically) by computing residues of

A7T(s)¢(s, 3)[C(s,7) — (s, D]t
and
4_SP(8)C(8) [C(Sv Z) - C(Sa %)}t_s
The contour of integration is a vertical line that is to the right of possible singularities.
We can take, for instance Rts = 2. The general strategy is to move the line of integration
to the left and collect residues. The error comes from the new vertical line, i. e., if the

line is moved to Re, then we get an error O (t7¢). Sometimes, there are also logarithmic
terms involved in the error term, but not in our instance. See [3] for details.

The function 3(s) = ((s,3) — ((s,3) is an entire function, since the poles cancel
out. Thus, we encounter a simple pole at s = 1, originating from ((s) and ((s, %),
respectlvely The respective residues are J; in both instances.

The Gamma function has simple poles at 0,—1,—2,... But, since ((s, %) = 0 for
s=0,—2,—4,..., the pertaining poles of the Gamma function are compensated by the
zeroes of ((s, %) and o7 has no residues at these points. The situation is quite similar
for oq, since ((s) = 0 for s = —2,—4,—6,... Only the pole in s = 0 survives. The
pertaining residue of oy is —1/4, since ((0) = —1/2 and 3(0) = 1/2.

Also the poles at s = —1,—3,... are compensated because f(—(2m—1)) = 0 for

m =1,2,3,.... This can easily be shown by using the well-known relation
o BnJrl(x)

But the Bernoulli polynomials B, (z) are symmetric around x = 2

Bn(% +1z) = <_1)an(% —z),

which entails ((—(2m—1),1/4) — {(—(2m—1),3/4) = 0. So taking all residues into
acount we finally obtain
M T 1 M
01:4—t—|—0(t ) and 02:4_t_1+0(t )
for arbitrarily large M, and we may replace

s and s 1
nd oy~ — - =
4 Inv 2 41nv 4’

g1~ —
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after reverting back to v, and the final error terms come from the other factors and are
related to the number of terms that we compute.

As in the one-sided case E(z) and Fogq(2) have their singularities at v = 1, so we
may proceed as in the preceding section. Expanding F/(z) around v = 1 and translating
to z = 1 yields (these computations have been done with a computer)

EB(2) = T B 14 3m +247T/\+237T+24+ =247\ — 48X+ 7
A1 =) 2X\(1 —w)? 48\ (1 — ) 96
(480N — 71)(1 —v) (480 — 71)(1 — v)? 5
11520 23040\ +0 (1 -v))
B ™A 1 w485
(1—2)32 2(1-2) 48VA/T1-2
7 (144002 — 360\ — 49) I — 2 32
1152003/ +0((1=2)77).
The same procedure for Eyqq(z) furnishes
Foua(2) = T B 14 3m +487T>\—|—237T+24+—487T)\—48)\+7T
AT NI — 0P 2A(1 —v)? A8 (1 — v) 96
(240X — 7T1)7(1 —v) (240X — T1)7(1 — v)? 5
_ — 1—
11520\ 23040\ +0 (1))
VT 1 5m — 24w

- +
(1—2)32 20 —2) 48/A\/I—2z
2 _ —
N (14407 X\* — 6007\ + 497) /1 — 2 Lo((1- z)3/2) ‘

11520\3/2
The local expansions of G(z) = E(2?) + 2 Fsqq(2?) around z = 1 and z = —1 are
A 1 A—1
G(x) = i(l ) S(1—a) - M(l —z)"V/?
V2 2 24V2V/
7(630A2 — 30\ — 49) " "
285073 N7 (1—2)"?+0((1-=x)*?), as x — 1,
and
1 7(dr—1) P "
Ga)=—"-+—LA+2)? = —Z10(1+2)*?), asz— —1.
(@) = =3+ Ses A+ ) = L 0((1+ a7

Hence the expected two-sided maximum EMax,, of the original path after n steps is
EMax,, = [2"]|G(z)

:mﬁ\/—_%+\/ﬁ(5—1m) V27 (49 — 120X — 360)%)

Som 11520 N2 (3)
+ (_1)71 v 27T(1 B 4)‘) (n—5/2) )
64/ \ ni3/2

We summarize our findings in the following theorem.
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Theorem 2. The generating functions E(z) resp. FEoaa(2) of the two-sided maximum
of the two-periodic paths with weights o and [ after 2n resp. 2n + 1 random steps is
given by

1 h+1 h

B v 9 v
BG) = o |0 2 g +20 w4 M) D
h>0 h>1
(A v+ ) vt vt
Eoaa(z) = M1 — )2 (1+U)Z 14 p2hil +2Z 11 o2 |
h>0 h>1
with z = S The expected value of the two-sided maximum after n random
A+ pv + Av?

steps is given by
EMax,, ~ V21V A/,

with more terms provided in (3).

4. CONCLUSION

Our combinatorial analysis of two-periodic random walks followed the scheme: re-
duction to the study of Motzkin paths, where n steps mean 2n steps in the original
walks. For walks of odd length a small modification is necessary. The generating
functions of interest were computed by solving a linear system with Cramer’s rule. A
suitable substitution made the expressions manageable. Asymptotics follow from sin-
gularity analysis of generating functions, in one case with a Mellin transform argument
as a preliminary step. Computer algebra was very helpful, but human interaction was
essential.

We hope that we succeeded to convince the reader of the advantages of our method.
Only two parameters were studied: one- and two-sided maximum. We plan to come
back to the subject in other publications by investigating other parameters, and also
different random walk models, i. e., walks that must return to the z-axis after n steps,
and non-negative walks with or without prescribed endpoints.
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